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1 Additional empirical study results

1.1 Simulation study on logistic regression with only main effects

Here we report a few more simulation examples, in which there are only main effects by no in-
teractions, to compare SODA with Lasso (denoted as Lasso-Logistic) on logistic regression variable
selection. Examples 0.1 and 0.2 illustrate two simulation settings, respectively. In both examples,
we simulated predictors X from the multivariate normal distribution with covariance matrix C. In
Example 0.1 we set C to have power decay correlations between variables, and in Example 0.2 we

obtained C from a real dataset. Let Q denote the Fisher information matrix of the form,
exp (BOTX)
2
(1 + e (67))

Let sub-matrices Q21 = Qpep and Q11 = Qp p. The consistency of Lasso-Logistic requires the

), (D)

Q = E{-V?logp (¥ | X,00)} =

“incoherence" (Ravikumar et al. 2010) or the “irrepresentable” (Zhao and Yu 2006) condition that
there exists an v € (0, 1] such that

|@uor!| <1-a
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Let c = Qo1 Ql_ll, then c has the length as the number of unrelated predictors, and the incoherence
condition requires each element of ¢ to be smaller than 1.

For each setting, we randomly generated 100 datasets from the logistic regression model with
n = 100, 150, .. .,2000 observations, and applied SODA and Lasso-Logistic to each data set. We
used EBIC, as criterion for both SODA and Lasso-Logistic. Lasso-Logistic fitted a solution path
of selected predictors, and chose the optimal set of predictors with the lowest EBIC,,. In simulation
studies, we set v = 0.5. We calculated the average number of false negatives (FN) and false
positives (FP), and the percentage of correct fits (PCF), which is the percentage of times that the
selected set is the true set .A. For SODA, any selected interaction term would also be considered as
a false positive.

Example 0.1. Let p = 1000, and we randomly selected 5 true predictors with coefficients
Bo,; ~ Unif [0.5,2], j € A. The covariance matrix is set to have power decay correlation such that
Ci; = (O.5)|i_j . Following a similar argument as Corollary 3 of Zhao and Yu (2006), it is easy
to show that X satisfies the incoherence condition. The histogram of elements of ¢ in log-scale for
one simulation run is plotted in Figure 1, and it is shown that no ¢; > 1 in c. As shown in Figure 2,
SODA and Lasso-Logistic had very similar performances under this setting.

Example 0.2. In this example, we also randomly selected 5 true predictors with coefficients
Bo,; ~ Unif [0.5,2], j € A. The covariance matrix C was set to be the sample covariance matrix
of the Michigan lung cancer dataset (Beer et al. 2002) with p = 5,217 genes. So Example 0.2 had
a much higher dimension than Example 0.1. The histogram of elements of ¢ in log-scale for one
simulation run is plotted in Figure 1.

As illustrated by Figure 1, in Example 0.2 many predictors are highly correlated with each
other, and thus the incoherence condition is strongly violated. As shown in Figure 2, in this case
Lasso-Logistic had a very poor performance whereas SODA performed robustly. As n increases, the
Lasso-Logistic’s total number of FPs and FNs increased, and PCF stayed at zero. In contrast, SODA
had an increasing probability of selecting the correct model A as n increases. In both examples,

SODA did not select any interaction term for all simulations.

1.2 Real data analysis on prostate cancer dataset

The microarray technology is widely used for measuring expression abundance of genes. There
have been tremendous efforts on building classification methods to diagnose cancer patients from
microarray data. In Singh et al. (2002), researchers measured the gene expressions of 52 prostate
cancer patients and 50 controls on p = 6,033 genes. The goal is to predict whether a person has
prostate cancer from the expression of those genes. Efron (2009) proposed an empirical Bayes
approach for large-scale classification, and compared its performance with that of the shrunken
centroids method proposed in Tibshirani et al. (2002). With different thresholds, the shrunken
centroids method and the empirical Bayes report selected set of predictors truncated at different
sizes. A common way of applying the two methods is to obtain selected predictors with different

thresholds, and pick the best set by cross-validation (CV). We implemented these two methods
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Figure 1: Histogram of elements of ¢ in one simulation run for Example 0.1 (Left) and 0.2 (Right).

and calculated the CV prediction error of the selected gene set of different sizes. The number of
selected genes and the 10-fold CV error rate (CVE) of two methods on different thresholds are
shown in Table 1.

The shrunken centroids method selected 377 genes at the threshold A = 2.16 that achieved the
lowest CVE, and empirical Bayes method selected the best set with 51 genes. In the solution path
of Lasso-Logistic, the lowest EBIC 5 was achieved at 133.3 with 3 genes, and the corresponding
CVE was 17%. SODA selected 6 main effects and O interaction with the EBICy 5 score at 93.4 and
the CVE at 6%.

MDR failed to converge on this dataset. In particular, MDR selected as many genes as possible
until the number of selected genes was the same as the number of samples in the smaller class
(50). Subsequently the estimated covariance matrix for the smaller class became singular and the
procedures could not proceed. ABIC, defined as the difference of BIC two adjacent steps (see
the main paper), is shown for each step in Table 1. MDR proceeds if ABICs < 0 and eventually
selects 49 genes with CVE 52%.

We applied IIS-SQDA to this problem by running the R code provided by its authors. But for
this dataset IIS-SQDA did not finish the analysis in 48 hours. The reason is as noted in Fan et al.
(2015) that IIS needs to estimate the precision matrices, which can be very slow when the number
of predictors p is large.

It is worth noting that although the final model selected by SODA has only main effect terms
with no interactions, SODA’s model managed to outperform the one selected by Lasso-logistic
in terms of both the EBICy 5 score and the CVE. This strong result obtained by SODA is also
surprising to us, indicating that EBIC is a good criterion to follow and our stepwise approach is a
better optimizer of EBIC than Lasso. Indeed, when one moves away from the L regularization
realm but adopts the Ly regularization framework (such as AIC, BIC, EBIC, etc.), Lasso can no
longer guarantee to find the optimal solution. We consistently observed that SODA outperformed

Lasso in various simulation settings in finding configurations with a low EBIC 5 score.
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Figure 2: Simulation study results for Example 0.1 (top) and 0.2 (bottom). FP: average number
of false positives. FN: average number of false negatives. PCF: percentage of times of selecting
correct model A.

2 Proofs

Let [|-[l5, [[[loo> lIllsp @and ||-|| respectively denote Lo, Lo, spectral and Frobenius norms. Let
I{-} denote the identify function such that it takes value 1 if the statement within {-} is true and takes
value 0 otherwise. Suppose A and B are two square symmetric matrices with same dimensions,
then A > B indicates matrix A — B is positive-definite. Suppose C is a predictor set, then C¢

denotes its complementary set, i.e. C° = {1,...,p} \C.

LetOs = (65, - , 0k s) denote the parameter vector where coefficients are set as 0 for terms
not in S, where 6}, s denotes corresponding coefficients for class k. By definition 8 s = 0. The
log-likelihood for 65 on observations {(y;,x;) : i =1,...,n}is

n K-1
I (0s) =S {0£,Szi ~ log (1 + 3 exp (efszi)> } .
i=1 I=1

Let 11; 1, (Bs) denote the estimated probability of ith observation being in class k£ with parameters



Shrunken centroid | Empirical Bayes MDR Lasso-Logistic SODA
#P CVE #P CVE ABIC #P CVE | EBICo5s #P CVE | EBICos #M/#l CVE
0 0.52 1 0.34 -68 1 028 140.3 1 028 140.3 1/0 0.28
0.48 5 0.30 -74 2 028 134.2 2 022 133.0 2/0 021
4 0.41 10 0.27 -68 5 0.17 133.3 3 017 124.1 3/0 0.17
35 0.30 15 0.26 -57 10 0.11 141.4 4 0.16 107.8 4/0 0.15
80 0.16 20 0.21 -64 15 0.11 144.3 5 0.16 100.9 5/0  0.09
172 0.10 25 0.20 -74 20 0.14 151.3 6 0.13 93.4 6/0 0.06
377 0.09 30 0.15 -90 25 0.20 156.7 7 0.13
866 0.12 35 0.11 -108 30 0.28 151.9 8 0.11
1,931 0.23 40 0.12 -122 35 031 158.4 9 0.11
3,763 0.33 45 0.09 -141 40 041 1679 10 0.12
6,033 0.34 51 0.09 -166 49 0.52 1774 11  0.13

Table 1: The summary of results on the prostate cancer dataset by the five methods. The results
of shrunken centroids and empirical Bayes methods are copied from Table 1 of Efron (2009). For
Lasso-Logistic, MDR and SODA, the selected set with lowest BIC score is highlighted in bold font.
ABIC: For MDR method, the difference of BIC; between two adjacent steps. CVE: prediction
error estimated by 10-fold cross-validation. #P: number of selected predictors. #M / #1: number of
selected main effect and interaction terms by SODA.

Os,
exp (0£Szi)
1+ Zl 1 Lexp (017:520 ’

The true probability of y; = k with true parameters is 1; ; (69). Let ai i (@s) denote the variance

tik (0s) =Pr(y; =k | X,0s) = k=1,...,K,

of I {y; = k} with parameters O,

0ik(0s) = ik (0s)(1— ik (6s))

T
Let s,, (0s) denote the score vector, where s, (6s) = {sg,l (0s) -, 8) 1 (03)} and
i 05) = 220 _ S gy = k) — i 05)]
nk\Us) = aek s 2 Yi = Hik \US)| Z;

Let H,, (6s) denote the negative Hessian matrix of /,, (6s), which consists of (K — 1) x (K — 1)
blocks. The kqth row, koth column block is

0l (Bs)
801@17880{2,8

= i Fi key (98) [H {kl = k2} — Wi ko (95)} 7,720
=1

H, i i (0s) =



With the notation of Kronecker product, H,, (6s) is

n

H, (0s) =Y U;(0s) ® (ZiZzT) ;
i=1
where U; (6s) isa (K — 1) x (K — 1) matrix and is a function of 0s. U; 1, 1, (0s5) = aﬁk (6s) and
Uik ks (0s) = =ik, (05) ik, (0s) for k1 # ka. Let s (-) and Hg (-) respectively denote the
sub-vector and sub-matrix of s, (-) and H,, (-) corresponding to parameters associated terms in S.
Let Q (6s) denote the Fisher information matrix. It consists of (K — 1) x (K — 1) blocks. The
k1th row, koth column block is

& [ 9211 (05) ]

0s) = E|-
le,kQ( S) aekl,SaOgQ,S

= E

exp (9{1 ,$Z> _ exp (052,8Z>
IR (afsz)] [H{kl e (07s) ) 77 |

where the expectation is taken over sampling distribution of (Z, Y") under true parameters 6. Let

Qs (+) denote the sub-matrix of Q (-) corresponding to parameters for terms in S.

2.1 Proof of Lemmas 1~3

Lemmas 1~3 are required to prove the theorems in this article. Foygel and Drton (2011) proved
similar lemmas for univariate generalized linear models with linear terms. Using similar arguments,

we show the lemmas for the multinomial (multi-class) logistic regression model.

Lemma 1. Under conditions C1 ~ C4, any local change in the Hessian is asymptotically bounded
from above. Fix any positive integer constant Q and all S with |S| < Q, for all 05, O, there exist
constants A3 > 0 and Cy > 0, such that for any constant integer M > 2k, as n — oo,

1 1
Pr{)\max (an (65) ~ ~Hs (eg)) <\ ||6s _egHQ} S1-0m> M L1 (@)

where A\pmax (+) denotes the largest eigenvalue of a matrix.



Proof: Define a; 1, 1, (0s) = ik, (0s) [I{k1 = k2} — 1tik, (0s)]. We have
[Hs (8s) — Hs (05)[, < [Hs(0s)—Hs (85)]|r

K-1K-1 )
= D0 D IHky ks (0s) — Hyy gy s (65) ||

k1=1ko=1

< \/(K - 1)2 :’(frll%g HHkl,kmS (05) - Hk1>k275 (OZS)HIZJ

= (K-1) gll%cx [Hk,y ky.5 (85) — Hiy k5 (919)”1:

n
= (K-1) %H?fx Z Qi k1 ko (0s) zi Szz S Z i key ko (08) Z; Szz S
b2 =1 i=1 E
n
= (K - 1) gllg}é Z [ai,kl,b (03) — Q4 kq ko (919)] Zi,SZZS 3)
2 li=1 F
Let 0% = t0s + (1 — t) O, then there exists ¢ € (0, 1) such that
= T
() = (K- max|> {[0s - 05]" Vair, i, (05) | zi.52]s
L2 =1 F
n
< (K =) g |30 = 05l Va9 -7
) - F
< |6s—05, (K -1) gaxz [Vains (08)]], - |2.577s]| @
For k1 # ko, @ik, &y (0s) = — i, (0s) ik, (0s). Let |-| denote the element-wise absolute value
of a vector. For h such that h # ky and h # ks, and , then
00 ey iy (05)
i 0 — SR1,R2
Hval,khkz( S)]h‘ 80}175
2
_|ep (0%175»%) exp (0%27‘9%) / {1 + El Lexp (Bgszi)}
B 00y s
2 [1 + Zfi{l exp (0?SZZ')} exp (0£Szi> exp (Ofl’szi) exp (0%273zi>
{1 + Zl 1 Lexp (0%821-”

< 2lzis],

where the last < denotes element-wise < of two vectors. Similarly we can show that for h = k1 #
ko or h # ki = ko or h = k1 = ks, we all have

00 oy ko (0s)
60}173

2|zis|

[V ik ks (05)],,]

IN



Therefore | Va; k, k, (Og)||2 <2(K - 1)1/2 2,55, and

@ < 2(K =005 = 08, 3 lzislly - |zis7ls]
=1
< 2K - 12105 = Oy - D llzasll;
i=1
3/2
= 2(K - 1)*?||6s — 0], Z > | )
i=1 | jJE€S

By Jensen’s inequality,

N 3/2 n 3/2
Z[Z%‘%j] - |S|3/22 \S;Z%]

i=1 | jES JES
n
3/2
< |52 ‘S,Zw
i=1 ]ES
< |S|3/2 max Z|z”]

je{l,..p} i

By condition C3, Z; is sub-exponential for all j, so for any finite positive integer M, there exists a
constant C'p; such that
E[|Zj|6M} < Oy, forallj=1,...,p. (6)

5 (-l |
E {(\zi,ﬂ?’ ~E [Zﬂ)w] + (éE {(Izz',j!?’ —E ['Zﬂ"S})zDM}
o[« )] o) )]
e o ()"} 0 [ ()] + ) ) |

IA IN

i Y

S S
—

IN
oy
S

IN
Q
E\
3
=

for sufficiently large n, where the positive constant C'); is defined as

Chy=1+22M . Ry, m?x{HE[(ij)}+[E(|Zj|3)rHM}. %



For any positive constant integer M defined in 6, by Jensen’s inequality,

E(|zF) < [B(z1™)]) "™ <o,

therefore let constant C; = C');/C)y, then

n
Pr {Z ‘Z@j‘g > 2710]1\/;2]\/[}

i=1

IN

IN

IN

br {Z [ossl° ~ B (12,1°)] > 20012
i=1

br {Z lassf° ~ E(12,%)] > 200t

=1

at
|

E {{ oy |laagl® —E(125P)] }2M]

M0y,

M=

[EX
1

——

n

i=1

CchynM
Cyn2M
Cl’I’L—M.

s (17)] >nC}W/2M}

o~ (12))] }W . nchM}

()

- iZ:E (\Zj\?’)}

— nCMQM}

Letq = %p (p + 3) be the total number of terms in Z, then with probability at least 1 — ¢ - Cyn =M,

there is a uniform bound,

and

&)

IN

IN

IN

n
3 1/2M
max E 22, < 2nC
J p ,]J M )

2(K = 1)/? 05 — ], |57 - max 3 235

i=1

2(K = 1)°(|6s — 05|, - 151 - 2nCp*Y
Ao (|6 = 65|l

where positive constant A3 = 4 (K — 1)%/2 Qg/QC}W/QM. By condition (C1), ¢ < n?", then

q-CinM < on?M,

Choose M as any constant integer with M > 2k, then as n — oo, with probability at least 1 —



Cin2s—M _ 9, uniformly for all § with |S| < @, for any s and 019, there exists constant A3 > 0,

1 1
A (s (65) = | H (65) ) < al[6s ~ 6],

Lemma 2. Under conditions C1 ~ C4, eigenvalues of the Hessian are asymptotically bounded from
above and below: Fix any positive constant integer (). Choose positive constants M > 2k and
m > 2kQ). Then for any constant R such that ¥ ||@s||, < R, there exist constants Ay > A1 > 0 and
C1,Co,Cs > 0, such that with probability at least 1 — Cin2=—M _ Cop2e—m _ Cap2rRQ-m _y |
and uniformly for all S with |S| < Q,

1 1
M < i (7 Hs (8)) < A (5 Hs (65)) < b
Proof for lower bound: Let u denote a |S|-length unit vector,

Amin (Qs (8s) = min {u"Qs (6s)u}

[[ull;=1

1 1
= min {UTHS (6s)u+u” <Qs (6s) — —Hs (93)> u}
[all,=1 n n
1 1
< VTEHS (0s)v+v" (Qs (6s) — ~Hs (95)) v,
where v is an eigenvector of %Hs (6s) corresponding to its lowest eigenvalue. Therefore,
1 T 1
Amin | ~Hs (0s) | 2 Amin (Qs (85)) = v* ( Qs (6s) — ~Hs (6s) | v

> Auin (Qs (65) ~ A Qs (65) — ~Hs (65)).

We first prove the positive-definiteness of Qs (0s), namely there exists constant A\; > 0 such
that

)\min (QS (08)) > )\1-

By definition,
Qs (0s) =E [U® (ZsZ5)| = / U (2s2%)| dP (Zs),
where Uisa (K — 1) x (K — 1) matrix and is a function of 65 and Z,

U=A(0s,Z) — [1(0s,2)] [11(0s,2)]" . ©9)

where (K — 1) x (K — 1) diagonal matrix A (6s,Z) has k-th diagonal element py, (6s,Z), and
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vector p (037 Z) = [/’Ll (057 Z) yee s MK—1 (057 Z)]Ta where

exp (0%78 Z)

Mk (057 Z) .
L+ 205 exp (6752)

Let v denote the unit minimal eigenvector of Cov (Zs). Without loss of generality, assume E [Z] =

0. By condition C4,
vIE [zszg} v = vT/ [zgzg} dP (Zs)v > 1.
Define subspace Ry = [—M, M]'¥! € RIS and complement RS, = RIS\Ryy, then

vIE [zszg]v — 7 / [zszg} dP (Zs) v +vT / [zszg} dP (Zs) v
Zs€ER M Zs€eRS

= M)+ f2(M)
> fi(M),

where functions f; (M) and fy (M) are defined as

h(M) = v' / |Zs2§] dP (Zs) v, (10)
Zs€ER M

fo (M) = vT/ (Zs2%| dP (Zs) v. (11)
ZsERJ'M

Because of the semi-positive definiteness of [ZSZE] , f1 (M) is a increasing function and fo (M)

is a decreasing function of M, and f; (0) = 0 and f; (+00) = 71. There exists constant M > 0

such that

fl(M)ZVT/

1
[zszg} dP (Zs)v > =71.
Zs€ERMm 2

For Z € Ry, it is straightforward to show that there exists positive constant C'y; > 0 such that

Cu < Eii_lluk(eg,Z) <1—-CpyandCy < pp (0s,Z) <1 —Cpfork=1,..., K — 1.
Let Uy, 1, denote the k1th row, koth column element of U. By definition of U in (9),

‘Uklykl‘ - Z |Uk11k/‘2| = :uk‘1 (057 ) /’Lkl 057 Z /‘Lkg 037 (12)
k‘z;ﬁ]ﬂ kQ 1
= ,uk‘1 087 1- Z ,uk‘Q 087 (13)
ko=1
> Cip, (14)

therefore U — %CJQWIK,l = 0and U » %C’IQWIK,L since U — %C’]QVIIK,l is a diagonally dominant

11



matrix, where I is an identify matrix. By property of Kronecker product,
1
T L2 T
U (ZsZ%) = SOk ® (2s25%)
Finally,

min u/ Qs (As)u = min u’ {/ [U@ (Zszg)} dpP (Zg)}u

[af=1 [[af=1

N IIETliill/ {UTU@) (ZSZE) “} dP (Zs)

> min / [0"U @ (ZsZ5) u| dP (Zs)
”u”:l ZseER N
1
> min / [uTC’ﬁIKA@(ZSZ?;)u} dP (Zs)
”u”:l ZsER M 2
> Lez,
2 M jjuj=1

min / (W © (Zs2%) u| dP (Zs)
ZseR M
= CM min ul Tx_ 1®/ (ZSZE)} dP (Zs)u

Zs€Rum

2 flufl=1
1
= 50]2\4 57’1

thus there exists constant A\; = 012\471 /4 >0,

)\min (QS (03)) > )\1-

Next we derive the bound on \pax (QS (0s) — %HS (03)). Note that

max (QS (05) - 7HS (08)) - HQS (08) - %HS‘ (05) jp
< Jas s - Lasos)|
K-1K-1

= > 2> D Wik

k1=1ko=1j1ES j2€S

where
1o exp (0%175zi) exp (0{27‘3%)
Wiikoiigs = — 2 - {k1 = ko} — =
i1+ S exp (el,SZi) 14+ Y5 exp (OI,SZZ'

exp (0k273Z>

T{ks =k} —

_E{ [ exp (ak1 sZ) )]

1 + Zl 1 eXp (BZSZ

1 + Zl 1 eXp (H,ZI:S

)

5)

) ] 2,51 74,52

Zj1 ij } .

Following the technique used in inequality (81) of Ravikumar et al. (2011), we derive a moment

12



bound for Wy, , j, j,- Define Wi p x, s, i, with

exp (egl,szi) _ exp (0%2’8%-)
1+ S texp (Gfszi)] []1 {k1 = kao} — 1y KT exp (9?:3%) Zi,j1 %i,ja

. { exp (OTl 75Z) exp (952,32) Zjlzjz} '

T{ki = ko) —
L+z,1em4p%zﬁ [ 1+ 255 exp (6752)
Thus Wi, ko jrjo = oret Wiki.karj1.j2 /T Let m be a positive integer, by Rosenthal’s inequality,

Wi k1 k21,52

there exists a constant C',, such that

n 2m n n m
E |:<Z Wi7k1,k27j17j2> ] < Cnm lZE {(Wi,k1,k27j17j2)2m} + {ZE [(Wi,kl,k27jlyj2)2i|} 1 :

i=1 i=1 =1

For the first set of terms, we know

E [(Wi,kl,kz,j17j2)2m}

exp Bk Sz exp (0;‘5 Sz-) o
7
< 22" R - [{k1 = ko} — . T Zi,j1 %o
1+ Zl 1 Lexp 91 SZ 1+ Zl 1 Lexp (9175Zi)
exp Hk Y/ exp (07 sZ
_|_22mE2m - ]I{k/'l = kQ} - K—(l - )T Zjl Zj2
1+ Zl 1 exp 9 1+ exp (017SZ>
2 2
< 22 {E [(Ziyjlziyjz) m} [E (ZJ1ZJ2
4 4 m
< 92m {\/E [(Zi7j1) m} E [(ng) m} + {E (ijl) E (Zi)} }
< Cm,la
by sub-exponential tail condition for each Z;, j = 1,...,p, where C,,; is a positive constant

depending only on m.
For the second set of terms, by taking m = 1, we can also show that there exists a constant C,, o
depending only on m,
E [(Wiks k2jr2)’] < O

Therefore,

1

n2m

E (Wi kojiga)™"] =

n 2m
(Z Wi,kl,kz,jl,J'z)

=1

1
< O (Cma +0"C)
< Cpn™™,

m

13



where C), is a constant depending only on m.

Let {m, kyjr.jo © K1,k2=1,..., K —1, j1,j2 € S} be a set non-negative integers with

K—-1 K-1
DD DD Mk = ™ (16)
k1=1ko=1j1€S jo€S

then by iteratively applying Cauchy-Schwarz inequality, we can show that there exists a constant
(5 such that

k1=1ko=1j1€S j2ES

K-1K-1
E[H IT IT II W;ffé‘;,;i%j;”] < Con™ 17)

For example, suppose there are three W variables, W2, W2™2 and W3™3 with my +mg +mg =

m, then

s < e (o)

[wim] B [(wgms)] = [(wime)]

len72m1 \/Cm2n74m2 . Cmg n74m3

= Cmy\/CmyCman™ "0~ M2~ M8

—m
= /Cmn\/CryCpgn™ ™,

where |/ Cy,, \/Cm,Chy 1s a constant depending only on my, ma and ms3.

Then

IN
IR

IN

Pr{Ailax <Q$ (0s) — %Hs (93)> > ;M} < Pr{ ‘Qs (0s) — %Hs (6s)

2
1
> =)\
F 2 }

1 2m 1
- Pr{\czsws)—Hs(es) >mw}
n F 2
2m
E{’Qs (0s) — +Hs (BS)HF }
<
= AT /om
9 \m K—-1K-1 m
2
= ()\) EqD D > > Wiikoiis
1 ki=1ko=171€S jo€S
<

2\ (m+(K-12Q*—1\ _ .
(Al) CQ( (K-1)2Q2—1 )" ’



m+(K—1)2Q2—1
(K-1)’Q*—1

of them is < Con ™™ by (17). Define Cs = (2)" s
least 1 — Csn™™,

) expectations in the summation after expanding the {-}"" and each

m+(K-1)2Q2-1
(K-1)?Q2-1

since there are (

), then with probability at

X (Qs (05) ~ THs (05)) < S0,

and

Auin (7 Hs (05)) = A (Qs (05) ~ A ( Qs 605) — s (05)

1
> /\1—5)\1
1
Y
5 1>0

Let ¢ = 3p (p + 3), then with probability at least 1 — C3g®n =™, uniformly for all S with |S| < @,
Amin (%Hs (03)) > %)\1 > 0. Choose m > 2x(, then as n — oo,

1—C5¢9n ™™ >1— Cyn?@ ™ 1,

that proves the lower bound.

Proof for upper bound: By Lemma 1, for all S with |[S| < @ and 8, there exists a constant

2k—M

C1 > 0, as n — oo, with probability at least 1 — Cin — 1,

Amax (:LHS (93)> < Amax <71le (0s) — %Hs (0)> + Amax <111Hs (0)>

1
< Xal0sll + A (THs (0))
We derive a bound for A\ ax (%Hs (0)) For any S with |S| < @,

[Hs (0)]l, < [Hs(0)k
= (K- 1)51%X||Hk1,kg,s (0)|g

n

T
Z a; k1,k2 Zi,SZi,S

=1

= maX
k1,k2

F

Z fi g (05) [[{ky = ko} — pi, (05)]] 2i,52] s
-1

Z Zi,SZZS

=1 F

K-1)).> 2,

i=1j€eS

= (K-1) max

F

IN

K1)

IN

IN

K -1 max 22
( )Qje{lvvp}l J

15



Using the similar technique of proof of Lemma 1, we derive a bound for max;cy,... »} > zi i

By Rosenthal’s inequality,

" < mfgelos) ) (Sel-s])

< CQnmu

E

> (- [4])

where (1 is a positive constant independent of n. Since Z; is sub-exponential, for any finite positive

integer m, there exists a constant C,,, such that
E (Z;*m) <C,,, forallj=1,...,p. (18)

By Jensen’s inequality,
B(2) < [e(zim)]"" < i 19)

Therefore for any j € {1,...,p},

n
Pr{Zsz>2nC',1n/2m} = Pr

=1

zn: 2 —E(2})] > 2nCy*™ — nE [Zj]}

IN
-
=

IN
v
N, N~ ——

14
=
=N

<.

|

=
/N
N
SN—

n _
Z 22 E(Zz) >2n071l/2m—n071n/2m}

)] > nC’,ln/Qm}

IN

IN

where Cy = C1/C,,. Therefore with probability at least 1 — gCyn~"", there is a uniform bound,
n

3 1/2m
max 22 <2nC , (20)
j6{17"'7p} ,L:l 27] m

and uniformly for all S with |S| < Q,

Hs (0 < (K-1 2. 21
[Hs (0)[l, < ( )Qje?ll?.).(,p}izlzz’] 1)
< 2(K —1)QCL?™ .y, (22)

16



Finally we have for any ||0s||, < R,

1 1
Ao (THs (05)) < 23 105 + A (+Hs (0))

< MR+2(K —1)QCk?™.

Choose any integer m > 2k, and define constant Ay = \sR+2 (K — 1) QC}n/Qm, then as n — oo,

with probability at least
1— O ™M _gCon™™ > 1 — O M — Cyn?™ 5 1, (23)

for all S with |S| < @,
1
_— (Hs (05)> <. (24)
n

Merging the results for lower and upper bounds, there exist positive constants C, Cy and Cs

such that as n — oo, choose M > 4x and m > 2x(Q), then with probability at least
1— O M _ Cyn2 ™ — Cgn?r@—m 1, (25)

we have ) .
A < Ain (nHS (6»;)) < Amax (an (05)> <. 26)

Lemma 3 is related to Lemma 1(i) of Foygel and Drton (2011) for multinomial logistic regres-
sion (K > 2).

Lemma 3. Fix any positive constant () > 0. Under conditions C1 ~ C4, as n — oo, there exists
constants r1,r9 > 0, with probability at least 1 —n~"1q~"2, uniformly for all S 2 A with |S| < Q,

L (B5) =1 (60) < (1] = |A[] log (n"q"*2) + n,

where 0 is the true parameter vector, ¢ = p (p+ 3) /2 and €, = 0 <n*1/3).

Proof: There exists ¢ € (0,1), and 85 = t0s + (1 — t) 8, such that
ln (98) - ln (00)
= (85— 60) " 55(60) 5 (65— 60) " Hs (65) (85 — 60)
= (és - HO)T ss (60) — % (és - 00>T Hs (69) (és - 90) (27)

—|—% (és — 00)T [HS (90) - Hs (92‘)] (és - 90) :

17



By Lemma 1, with probability at least 1 — Cyn?*—M,

~ T 1
@7 < (6s—060) ss(00) — 5
— (05 -80)" ss(60) - % (65— 60)" His (60) (s — 60) + <.
where &, = 1 \3n Hés — OOHz =0 (n*1/3) by Theorem 1.
Maximizing
(85— 60) " 55 (00) — 5 (65— 05)" Hs (80) (65 00)
with respect to 0s, we get

In (8s) = 1n(80) < %85 (60)" H3' (60) 55 (60) + en.

Define y and f1 as concatenated vectors of length n (K — 1), such that

i I{y1 =k}
V I =k
y= y.2 s YE= {yQ. J , 1<E<K-1,
yK—l H{yn = k}
and
£y p1k (6o)
[ 0
P A e P ey
By pn i (60)

Define Zs as a (K — 1) x (K — 1) block matrix,

and Wisann (K — 1) x n (K — 1) square matrix,

Wi, Wi e Wi k-1
W W2,1 W2,2 : W2,('K—1) 7
Wik-n1 Wrk-12 -+ Wk_1,x&-1

18

(85— 60) " His (B0) (85— 00) + 3 Asn 105 — o}

(28)

(29)

(30)



where each Wy, 1,, 1 < K1,k < K — 1, is an n x n diagonal matrix. If £y = ko = k, the ith
diagonal element in Wy, 1, is 11, (60) (1 — pi 1 (60)). If k1 # ko, the ith diagonal element in Wy, j,
18 ik (00) i ko (90) Then

ss(00) =Z5(y — ), Hs(00) = ZEWZs. 31)

Let u € RISI(K=1) be a unit vector. We first show that

Pr {“T [Hs (80)] "/ 55 (60) > 1/2[IS| — |A[] log (nT1q1+r2)}

Nz

< exp {— [IS] — | Al]log (n”q””) (1

Define A = /2[|S] — [A[[log (n"1q1+72) and vector ¢ € RISIE=D with4pg = A-[Hs (60)] "/ *u
and other elements set as zero. We know by definition Var (ss (6y)) = Hs (6p), and

~ 2 ~ ~
[W2Zgaps | = A2 (B (00)) " ZEWZs [Hs (60)] 2w = A%

and by Lemma 2, with probability at least 1 — Cyn?~M — Con? =™ — C3n2@~™ for all S with
S| <@,

14613 = llsl3 = 4% - Bt (00)) /2 < 4% | (FLs 60)] |l < A% (vm) ™"

‘We then have

{

B {1{42E (5 - ) = 4°})

= E exp{@ngg(S’—ﬁ)_AQ}}

= oxp {9525 - A} E{exp {4525 |}

= exp {— > wsZishi - AQ} E {exp {Z wEZZSyi}} : (32)

=1 i=1
where
I{y; =1} pi;1 (6o) Zis 0 0 O
[y =2} N wi2 (6o) N 0 Z,s 0 O
i = . O . ) Zi,S = .
: : 0 0 .. 0
[{y; = K -1} i,k —1 (00) 0 0 0 Zgs

19



As y; follows the vector exponential family with cumulant generating function

b (eglzi, o HaK_lzi) = log (1 n Ki exp (aalzi)> :
=1
with
0b (Halzi, cee 9(7)?}(7121') B exp (Hakzi)
0 (H%jkzi) 1 + Z{i}l exp (90T,lzi

By the property of exponential family,

E {exp {2 ¢gzgsyi}}
=1

= exp {f: log (1 + Ki:l exp (((80+ %)) Zz)) — log (1 + Kif eXp (ealz’)) }

=1

— exp {Zb ((B0+w)]) 2ir, (80 +w) 1) 2) — b (60121, 795K—1Zi)} ,

) = pik (6o) -

and there exists ¢ € (0, 1),

fj b (B0 +w)]) zis.- (B0 +¥)_1) zis) = b (00121 .00 ke 12:)

=1
== Z ('()b{ZZ)"'?'()bK 1Z1) Vb (0%:1ZZ7 7032K71Zi)
i=1
1 T
+§ (Il;b{zi: s 7¢7];—1Zi> v2b ((90 + t’(P)? Zi, (90 + W’)%ﬂ Zi) (’d){lziv cee 711)7[_'(—1Zi)
[ | 1
= |2 sZishi| + 5vsHs (00) s + 55 [Hs (00 + tios) — Hs (80.5)] s
Li=1 i
(& THT -~ 1,42 1
< D WSZisiy| + 5 T3 ||¢S”2 nA3
Li=1 i
(& THT ], A Al —0.5 —3/2
< D WSZishy| + 5 T (A1) 777 As.
Li=1 i
Therefore

Pr{u” [Hs (8))] /%55 (8)) > A}

A% A3 _
exp {—2 + ?n_o":’ ()\1) 3/2 )\3} s

1 1 41472
exp {— [|S] — |A[] log ( m 1”2) (1 — \/2Q Ofg(;_% )> } .
173

In next step, following the approach in the proof of Foygel and Drton (2011) Lemma (i), the

IA
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following inequality can be shown to hold. The details are omitted for brevity.
1
Pr{3s, 52 A I8 < @ s5(60)" H' (8) s5 (80) > 2(|S| — [ Alllog (n"q"*72) } < Zn7"1g ™.

Therefore there exists constants r1,72 > 0, with probability at least 1 — n~"1¢~"2, uniformly
forall S D A with |S| < Q,

n (8s) = In (80) < [|S| — | A[]log (n"q"*72) + 2.

2.2 Proof of Theorem 1

Theorem 1. Under conditions C1 ~ C4, as n — oo,

max Hés — BOH

— —1/24+¢ 33
S04,18<Q O <n ) ’ (33)

2

where 0 < £ < 1/2 and Q > | A| are any positive constants independent of n.

Proof. There exists ¢ € (0, 1) such that

n (8s) =1 (60) = (05— eo)T ss(00) — (és - oo)T Hs (t0s + (1) 60) (65 — 60)
)\1% ’

IN

6~ 0], lss @)l - L s — 6o

with probability tending to 1, uniformly forall S D A, |S| < @, asn — oo by Lemma 2. Since vec-
tor 5 (6p) has only finite number of elements, ||ss (6o)|l, = O (||ss (00)]|,)- We first calculate
the following uniform bound for ||ss (69)|| .,

Let £ be any constant such that 0 < £ < 1/2

P 0 > Oynt/2t¢
T<SD;}}?§<SQHS$( 0)lloo = Cin

< X KZlZ[P(|Sk,j<eo>|zcznl/“ﬁ)y

SDA,|S|I<Q k=1 jeS

where constants C, Cy > 0 and

Sk,] 00 Z H{yz = k} — Mik (00)) Zig-
=1

By definition of 8y,

0y = argmaxE [logp (Y | Z,05)].
0s:SDA
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Therefore forallj e Sandk=1,..., K — 1,

E [alogpw | Z,6)

e ] = B{[{Y =k} - (60)) Z3} = 0,

where
exp (00 Z)

1+ S exp (00Z)
where Y and Z are random variables, and the expectation is taken over sampling distribution of
(Z,Y).
By condition C3, each Z; is sub-exponential. Since (y; 1 — ik (00)) € (—1,1), (yir — tik (60)) 2i

 (60) =

is also sub-exponential. By Bernstein’s inequality, there exist constants Cs, Cy, C'5 such that

> TLE)

< Csexp (—C4n5 ), for |e] < C5.

Pr(|sk; (60)] > ne) = (

n
Z Yik — Hik 00)) 2,5
=1

Let e = Cyn~ /2 then
Pr <|sk7j (6o)| > an1/2+5) < Csexp (—C2204n2§) :

Since g = 3p (p+3) < p? forp > 3, ¢ = O (n*"),

K-1

Pr< max [|ss(00)|, > Cln5> < {pr (|5k,j (60)| > 02n1/2+€>}
SoAISI=Q SDA,|S|<Q k=1 jeS

IN

q@ - (K—1)-Q-Csexp (—022047125)
< (K-1)-Q Csexp (—C§C4n25 + 2kQlog n) 0,

as n — oco. Recall that,

/\1n

i (85) 1 (00) < o5 o], lss @)1 ~ 5" [0 ~ 60 .

Because of [,,’s concavity and S D A, [, (95) — 1, (0p) > 0. Therefore we must have

/\177, ‘

85 — 80, l1ss o), — 2" |65 — 64 > 0. (34)

which implies
~ 2
HOS - 90H2 < Nn Iss (60)ll - 35)
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Since ||ss (00)]l, = O, (n1/2+5>, then as n — oo,

SoA1SI<Q Hés B OOHQ =0y (n_l/%%) '

2.3 Proof of Theorem 3

Theorem 2. (Forward stage screening consistency) If conditions C1 ~ C4 hold, and all predictors
in ‘P are stepwise detectable, then the forward interaction screening stage finishes in finite number

of steps and is screening consistent. In particular, as n — oo,
Pr (‘ép‘ < Q) — 1, and Pr <C~F D 77) — 1,

where () = [8)\1_10_2 log K W A1 is a positive constant defined in Lemma 2 and 0y, is a positive

min

constant defined in condition C2.

Proof. The proof consists of two parts. In the first part we will show that

P (éF ») P) 1. (36)

In the second part, we will show that with probability going to 1, |C F‘ < Q, therefore in the first
part of the proof we will only consider sets C that |C| < Q.

Part I: Let C denote a set of predictors, and let S¢ denote the set of corresponding terms in
forward interaction screening stage. By definition, S¢ = C U (C x C) and contains all main effect

and interaction terms for predictors in C. We will show the uniform bound,

Pr (c;cmglféfmg?éicri {EBICV (Scu{j}) — EBIC, (Sc)} < 0) 1. (37)
This implies that if current set C does not contain all predictors in P, then, with probability tending
to 1, we can always find a new predictor j € C¢ such that EBIC, (SCU{j}> — EBIC, (S¢) < 0.
Therefore, forward screening stage will proceed until all predictors are added into the model, and
eventually stop at some Cr O P, which also implies S@F DA

When C°NP # () and all the relevant predictors in P are stepwise detectable, there exists m > 0
such that U 17; € C and C° N Ty, # (. According to definition of stepwise detectable condition,
there exists j € C¢ N Ty, and constants Opax > Omin > 0 such that

Hmin S Hej*

<
Scuts} Ounax.

‘ o0

Vector Hjct contains the parameters in 6;; associated with predictor X;. By the Mean Value Theo-
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rem, there exists ¢ € (0, 1),
C.conPatd c|<Q jeC [l” (95‘7) —ln (OSCU{j}>:|

max min Vl (é )—l (é )}
CieenPAD <@ jeCenT,, L™\ 5¢) i (FSeutsy

1 . T . . y .

C:ConPA0, C|<Q jECTTT | 2 (930 - 050U{f}> Hseugy (wsc +(1-1) Oscu{j}) (9&: - GSCUU}”
2
2} '

with probability going to 1 for all |C| < @) by Lemma 2. We then give a lower bound to ‘

IA

[~ |65,
< max min |———||0s. —0s. ..
C:ConP#£0,|C|<Q jECNTm | 2 ¢ cutsh

2

Osc = Oscups |y
_ 2 2
We first consider HOSC - 05, , and ‘ ) There exists t € (0,1),

N *
OSCU{j} - 95@u{j}

L (Bs.) 1 (05.) = (s, —05.) ss(65.) - % (05, — 05.) Hs (tBs, + (1 - 1)05,) (Bs. - 03,)
| s (05.) :

uniformly for all C such that [C| < Q, as n — oo, with probability tending to 1 — Cyn?—M —
Con?~™ — C3n?"9~™ 5 1 by Lemma 2.

Because vector sg (0"‘5 C) has only finite number of elements, HSS (0} C)

)\171 *
’ OSC - OSC

2 2

IN

éSC - O:kSc

2 2’

is in the same order

of n as H ss (9"‘9 C) H . We first calculate the following uniform bound for H ss (92 C) H . Using the
[e.9] o

method in proof of theorem 1, we get the following uniform bound for all |C| < Q. For any £ > 0,

there exists a constant C; > 0,

o ) > ) o

asn — 00. So HSS (0}6)

L= Oy (n1/2+5), and

Aun

0 (05) 1 (0) = s 03,00 (725) - 24 o, o3 |}

Because of [,,’s concavity, [,, 93 — 1, (0%.) > 0. Therefore we must have
y C Sc

H. _ p* _ —1/2+4¢
C:I%\?Q ‘ Os. — b5 2 Op (n ) ’
as n — oo. Similarly
i _ p* _ —1/24¢
clei<q ‘ Oscony = Oseuin fl, = Or (” ) ’

- - 2
Now we give lower bound to HGSC —0Os,, @y By the definition of stepwise detectable condi-
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tion, there exists j € S¢ N 7, such that

b < [0 < e

Therefore with probability tending to 1 as n — oo, uniformly for all C such that C° NP # () and
ICl <@,

- 2 B ~ 9
max ||0 0 . > max Hg ) _ H
]ECC SC SCU{]} 2 — jeccme SC SCU{]}
K-1
>  max 62
T jeCenTm Z Z Lk,Seugsy
k=1 1€Scyug;1\Sc
>  max max max é?k S i
JECNTm k=1,...,K—118c,1;3\S¢ 7}
~ 2
> max _max max (9* L +0 =0 , )
- JECNTm k=1,.... K—11€8c,(;3\Sc Lk:Seusy Lk:Seusy LEScujy
= 2 —1/24¢
= max  max max (9* 40 (n ))
geccme L., K=11eScy;3\Se Lk,Scuyy P )
> 02

min»

as n — oo. Eventually, we have

cch;«é@ \C\<Q§rencc [l" (é5‘3> ~n (éSCu{j})}

< In(0s,) =1, (0s. .
S cernpiiccq ettty I (0sc) = 1 (B0 )|
2
< in |- lgs, — 8
- c:campm;?rzfcg@jeg%}wnm[ H Se ™ YSeuyjy ]
1
< —Zn)\lefmn (38)

Therefore, as n — oo,

BBIC, (Scu(jy) — BBIC, (Sc) < ——n)q@mm [|Scoy| = 1Sel] (;logn+’ylogp>
< ( MO2in — % HSCU{j}‘ - |Sc|} G logn +710gp>>
< 0,

holds uniformly for all |C| < @ and j € A with probability going to 1, and

P in { EBI | — EBI 1
(c:ccmgla%,(lclﬁQﬁ'reuc%{ Cy <SCU{J}) G (SC)} < O) -5 (39)

thus we proved that P (S’F D) A) — 1,asn — oo.
Part II: In this part, we will show that as n — oo, with probability tending to 1, the forward
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interaction screening stage will stop in a finite number of steps. In particular, we will show that the

number of steps in forward stage cannot exceed () = [8)\1_19_2 log K W .

min

Let C1,Co, ... ,é r denote the selected set of predictors in each step of the forward interaction

screening stage. By definition C; = 0, soPr(Y =k | X,60¢,) = 1/K fork =1,..., K, and

Define G,, (C) = —%ln (93c>7 then

1
G, (C) = —5nlog(1/K) =log K

By the nature of forward screening stage, C; C Cy C --- C Cr, thus

G (C1) > G (Co) >+ > Gy, (cp) > 0.

Consider two adjacent sets Cy, and Cp,41. Uniformly for all m with C5, NP # 0, |Crt1| < Q,

Gn (Cn) — Gp (Cng1) = 1 max {ln (éscmuu}> —ln (éSCM)}

n jece,

v

vV

| =
| —|

| —
S

>
=

D

[

;jegl%a%%m [l" (éSCmU{j}) —ln (éScmﬂ

(40)

with probability going to 1 as n — oo, where A1 > 0, 6,5, > 0 are constants defined earlier. Define

Q= [8)\1_16_2 log K W . It is straightforward to see that

min

Q
G (1) = Gu(Cor)+ Y (Gn(C) = Gn (Cisn))
i=1
Q
=1
> Qb
> logK.

(4D

Eq (40) contradicts to the fact G,, (C1) = log K. Therefore with probability going to 1, the forward

screening stage adds all predictors in P in less than ) = [8)\1*19*2

min

log K 1 steps, and it is also

straightforward to show that once C,, D P, the forward interaction screening stops at step m. In

summary, forward interaction screening finishes in () steps and ’C~ F’ < Q.
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2.4 Proof of Theorem 4

Theorem 3. (Uniform bound of EBIC in backward stage) Fix any positive constant ) > 0.
Under conditions C1 ~ C4, as n — 0o,

P i EBI V) — EBI 1 42
r<sgg}%x§mgg\g{ C, (S\{j}) CW(S)}<0>—> , (42)

and

Pr (S:)fatr:l|g1|§Q 1}&1}41 {EBIC,, (5\{j}) — EBIC, (S)} < 0) — 0, (43)

for any constant v > Q — | A| — (2r) .

Proof. Eq (42) implies that if S 2 A and |S| < @, with probability tending to 1, there will be at
least one irrelevant term j € S N A€ such that removing j from S leads to lower EBIC.

For j € S\ A, we have A C S\ {j} € S, and [, (95) > 1, (és\{j}) > 1, (9,4) By Lemma
3, as n — 00, there exists constants 71,79 > 0, with probability at least 1 — n~"1¢~"2, uniformly
forall S D A with |S| < Q,

IN

L, (és) —1, (é A)
< (98) —In (60)
18] — | A Tog (n"q"*72) + &y,

b (8s) = n (Bs\(5y)

N

IN

where 6y is the true parameters, ¢ = p (p + 3) /2 and €, = O (n_1/3>. Let A = |S| — |A|. For all
S 2 A:|S| <Qandany j € S\ A, with probability at least 1 — n~"1¢q "2,

EBIC, (S\{j}) — EBIC, (5)
2 [ln (95) — 1y (és\{j})} — (logn + 2ylogp)
A (2r1logn+2(1 4 rg)logq) — (logn + 2vlog p)

(2riA —1)logn + (2A 4+ 2Ary — 27) logp
<27‘1A -1
K

ININ

IA

4+ 2A + 2Ary — 2'y> log p

A

0,

with v > A + Arg + %127%@4' Since A < @ — |A| and r1, 72 > 0 can be arbitrarily small, we can
choose any v > Q — | A| — (2x) . Uniformly for all any S O A : |S| < Q and any j € S\ A, we
have

in {EBI i}) — EBI
sﬁ%’fgmg&{ Cy (S\{7}) Cy(S)} <0,

with probability atleast 1 — n""1¢™"™ — 1l asn — oo.
Eq (43) implies that if S D A and |S| < @, then with probability tending to 1, there is no any

relevant term j € A such that removing j from S leads to lower EBIC. Therefore is no relevant
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term will be removed from S as n — oo.
There exists ¢ € (0, 1) such that

b (Bs\y) ~ 1 (Bs) < 1 (8sv3) — I (84)
<y (éS\{j})_ln(GO)
= (85— 00)" 55(80) — 5 (85— 60) " Hs (185 + (1~ 1)60) (65 — 60)
/\1n‘

IN

Jos - 0] s 00 - 247 s - o]

uniformly for all |S| < @ with probability tending to 1 by Lemma 2.
ln (éS\{j}> — 1, (és) < I, (és) — 1, (90)
65— 0], llss (80)ll, —

= s = 0], 0 (n2+€) - b 5 |65 - el

/\1n

IN

Closafl

By condition C2, there exists a constant fy,;; > 0 such that Hés — 00H2 > Omin. Thus with

sufficiently large n, there exists positive constants C1,
In (éS\{j}) —ln (9s> < —Cibhn,
and as n — oo, with probability going to 1,
EBIC, (S\{j}) — EBIC, (S) > 20162, n — [|S| — |Al] (logn + 2ylogp) > 0, (45)
uniformly forall S D A : |S| < @ and j € A, which indicates that with probability going to 0,

EBIC, (S\ {j}) — EBIC, (S)} < 0.
soin_ o mind (S\{7}) 7 (S)} <
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